In this paper using topological degree we study the existence of nontrivial solutions for a higher order nonlinear fractional boundary value problem involving Riemann-Liouville fractional derivatives. Here, the nonlinearity can be sign-changing and can also depend on the derivatives of unknown functions.
Introduction
In this paper, we investigate the existence of nontrivial solutions for the higher order nonlinear fractional boundary value problem involving Riemann-Liouville fractional derivatives: 
where − 1 < ≤ , − 1 < ≤ , − −1 > − > 1, 0+ , 0+ , 0+ are the Riemann-Liouville fractional derivatives, = 1, 2, . . . , − 1, and the function : [0, 1] × R → R is continuous; here R fl (−∞, +∞).
There are a large number of papers in the literature studying fractional differential equations because of applications in various disciplines of science and engineering such as mechanics, electricity, chemistry, and control theory;
we refer the reader to and the references therein. In [1] , using fixed point index theory in cones, the authors studied the existence and multiplicity of positive solutions for the nonlocal fractional differential equation boundary value problem 
where ( 
Conditions similar to (H1) Wang and (H2) Wang can be found in [2] [3] [4] [5] [6] [7] [8] [9] . In [2] , the authors studied the existence of positive solutions for the nonlinear fractional differential equation: 
where 
and lim inf
In [10] [11] [12] [13] [14] , the authors used Lipschitz conditions to study the existence and uniqueness of solutions for various fractional differential equations; for example, in [10] , the author used the 0 -positive operator method to obtain the unique solution for the fractional boundary value problem:
where is a Lipschitz continuous function, with the Lipschitz constant associated with the first eigenvalue for the relevant operator. In [15] , the authors used the mixed monotone method to obtain a unique positive solution for the fractional boundary value problem:
where the nonlinearity = + ℎ and , ℎ have different monotone properties. In [16, 17] , the authors extended the methods in [15] to fractional -Laplacian equations and established some appropriate iterative sequences which converge to their solutions.
There are also some papers in the literature devoted to sign-changing nonlinearities; we refer the reader to [7-14, 18, 19, 22, 23, 26-33, 35] . For example, in [18] using coincidence degree theory, the author investigated the existence of nontrivial solutions for the coupled system of nonlinear fractional differential equations:
where , :
Motivated by the aforementioned papers and some integer order equations [36] [37] [38] [39] , in this paper we use topological degree to study the existence of nontrivial solutions for the higher order nonlinear fractional boundary value problem (1). Our nonlinearity can be sign-changing and can also depend on the derivatives of unknown functions. Moreover, our conditions improve the conditions in (5) and (6); see (H4)-(H5) in Section 3.
Preliminaries
We present some basic material involving Riemann-Liouville fractional derivatives; for details we refer the reader to the books [40] [41] [42] .
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Definition 1 (see [40] [41] [42] ). The Riemann-Liouville fractional derivative of order > 0 of a continuous function : (0, +∞) → (−∞, +∞) is given by Definition 2 (see [40] [41] [42] ). The Riemann-Liouville fractional integral of order > 0 of a function : (0, +∞) → (−∞, +∞) is given by
provided that the right side is pointwise defined on (0, +∞).
where is the smallest integer greater than or equal to .
In what follows, we present Green's function associated with problem (1). The following lemma is from [3] ; for completeness we provide the proof. 
Consequently, we obtain that (13) is equivalent to the following Hammerstein type integral equation:
0+ V( ), we have (13) . Consequently, Lemma 3 implies that (13) can be reduced to an equivalent integral equation:
for some ∈ R, = 1, 2. From the condition
where we usẽ( ) to replace ( , ⋅, ⋅⋅⋅, ⋅). Then
V(1) = 0 solves the above equation, and we obtain
Therefore, we have
This completes the proof. 
where 1 is denoted by (15) . Note that our functions 1 
Let ( → as follows:
Then from Lemma 5(ii), we have
Lemma 6 (see [43, Theorem 19.3] 
Hence, we obtain
Using Lemma 5(ii) and the definitions of ( = 1, 2, . . . , ), we have
This implies
Lemma 7 (see [44] 
then the topological degree deg( − , Ω, 0) = 0.
Lemma 8 (see [44] 
then the topological degree deg( − , Ω, 0) = 1.
Main Results
Let 1 , 2 , . . . , ;̃1,̃2, . . . ,̃be two families of nonnegative real numbers which are not all zero. Now we list our assumptions for as follows:
Theorem 9. Assume that (H1)-(H5) are satisfied. Then (1) has at least one nontrivial solution.
Proof. From (H4), there exist 0 > 0 and 0 > 0 such that
For any given with 0 − ‖ ‖ > 0, and using (H3) there exists 1 > 0 such that
Hence, (H2), (35) , and (36) enable us to obtain
for all
Then we obtain
for all ( , , −1 , . . . , 1 ) ∈ [0, 1] × R . Note that can be chosen arbitrarily small, and let 
Let
Then we havẽ
Consequently, we have
Note from (43) and (25),Ṽ ∈ 0 , and then
Then we have
Journal of Function Spaces 7 Therefore, (26) , (39) , and (43) enable us to obtain
Consequently, we obtain
From (47)
, and from (44), we have
Now from (48), (49), and (50), we find
Therefore, using (42) and (51), we have 
Hence
which contradicts the definition of * . Therefore, (41) holds, and from Lemma 7, we obtain deg ( − , , 0) = 0.
From (H5), there exist 0 < 1 <̃1 ,̃2,...,̃a nd 0 < < such that
for all ∈ R, = 1, 2, . . . , , ∈ [0, 1] with 0 ⩽̃| | + 
Now for this , we claim 
Therefore the operator has at least one fixed point in \ . Equivalently, (1) has at least one nontrivial solution. This completes the proof.
Example 10. For convenience in our example, we let = , = 1, 2, . . . , . Let
where ∈ N + , 0 < 1 < 1 , 2 ,..., , and ≥ 0, = 2, 3, . . . , , with
. We now show that conditions (H1)-(H5) are satisfied. Indeed, for the function , we obtain
ln ( ∑ =1 + 1)
and hence, (H3) holds. For the function , it is clear that (H1)-(H2) hold. Also note we have lim inf
and lim sup
Then (H4)-(H5) hold. Therefore, all the conditions in Theorem 9 are satisfied, and thus (1) has at least one nontrivial solution.
Now, we consider a special case of this example. Let = 2, 1 = 1, 2 = 1, and consider the operators
Then for all ∈ N, from Lemma 5(ii), we have 
and so
For all ∈ N, from Lemma 5(ii), we have 
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Consequently, the spectral radius of the operator 
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